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Every equivalence relation R on an algebraic variety U defines a class P of allR
morphisms constant on equivalence classes of R and determines its categorical
Ž . Ž .closure R defined on U by xRy if and only if  x   y , for every P . It isR
Ž .proved Theorem A that the equivalence classes of R coincide with fibers of a
morphism P . In the family of all morphisms with this property we mayR
determine a subfamily of morphisms, called final pseudoquotients, which contains
categorical quotients, if a categorical quotient exists, and, in the general case, is a
substitute of such quotients.  2001 Academic Press
INTRODUCTION
The notion of a categorical quotient of a scheme by an action of an
 algebraic group has been introduced in GIT and then it was generalized
to the notion of a quotient by an equivalence relation. So far this notion
Žhas appeared as a property of either some special kinds of quotients e.g.,
. Žgood, geometric or quotients defined in some special cases e.g., for
quotients by proper actions or by actions of reductive groups on affine
.varieties . This property is certainly important and is usually required for
any reasonable kind of quotients. However, so far, categorical quotients
have not been studied as an independent notion. Examples found in W,
A’C-N, H 1 show that for actions of algebraic groups, hence also for
equivalence relations, categorical quotients, in general, do not exist in the
Ž .category of algebraic varieties or algebraic spaces .
In the present paper we admit constructible subsets as quotient spaces.
Though categorical quotients still, in general, do not exist in this enlarged
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category, there exists always a substitute of a categorical quotient: a class
of morphisms, all with the same fibers and images isomorphic by finite
Ž . Ž .canonically determined decompositions Theorem A . The results are
based on a theorem on stability of dominated inverse systems of con-
Ž .structible subsets of algebraic varieties Theorem O . Some of these results
are proved under much weaker conditions than those mentioned above.
 The case when U is compact analytic was considered in S . Theorems B
and C give some conditions under which, for an equivalence relation, there
exists a categorical quotient. These results can be summarized in the
following way:
Let U be an irreducible algebraic ariety with an equialence relation R.
Assume that, for eery two different equialence classes, there exists a mor-
phism constant on eery equialence class separating these two classes. Then
1. there exists a morphism such that its fibers coincide with equialence
classes of R,
2. if the equialence classes of R are equidimensional, then there exists a
categorical quotient of U by R in the category of constructible subsets,
3. if U is normal and the equialence classes of R are equidimensional
and connected, then there exists a categorical quotient of U by R in the
category of algebraic arieties.
Ž .Part 3 of the above result has much in common with results contained
 in B, Chap. 6 . On the other hand, similar problems have been considered
 in D,R , where the authors studied quotients by group actions of the
Ž .interior of the union of such orbits which can be separated from all the
remaining ones by ‘‘global invariants.’’
The results of the present paper are illustrated by some examples.
1. CONSTRUCTIBLE SUBSETS
Let K be an algebraically closed field. By a variety we shall mean a
Ž .reduced Spec K -scheme of finite type.
Ž .By a constructible subset of a variety X we mean a union of finitely
Ž .many locally closed subvarieties of X .
Instead of writing ‘‘a constructible subset V X dense in X,’’ we shall
write ‘‘a dc-subset V X.’’
Note that any dc-subset U X inherits a noetherian topology from X.
We call a dc-subset irreducible, if it is irreducible as a topological space.
Then a dc-subset is irreducible if its closure is irreducible. Notice that
Ž .every constructible subset U X admits a unique irredundant presenta-
Ž . Žtion as a union of closed in U irreducible constructible dc-subsets called
.irreducible components .
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Ž . Ž . Ž .If U X , V Y are two dc-subsets, then by a morphism  : U X
Ž . V Y we mean any morphism  : U  Y, where U is an open1 1 1
Ž .subset of X containing U and  U  V. Two such morphisms are1
defined to be equal, if they are equal on some neighbourhood of U in X.
Notice that for  ,  as above, we have a unique map  U: U V1 1
Ž .which does not depend on the choice of  . Then we say that  is1
Ž .surjective injective, bijective, resp , if the map  U has the respective1
property. The category with dc-subsets as objects and morphisms defined
above is called the category of dc-subsets.
The above definition of a morphism allows us also to define regular
Žfunctions and rational functions on a dc-subset U X the rational
.functions can be identified with rational functions on X and, for every
subvariety W contained in U, to define a local ring O which can beW , U
identified with the local ring O of W in X.W , X
 By a theorem of Chevalley CC, Expose 7; M, Chap. 2.6 the image of a
Ž . Ž .dc-subset U X under a morphism  : U X  V Y is a dc-subset
Ž Ž . . U   U , where the closure is taken in Y. HenceŽ .
Ž . eery morphism in the category of dc-subsets can be presented as a
composition of a surjectie and an injectie morphism.
Ž .For constructible subsets and for dc-subsets we may use much of the
terminology introduced for varieties; e.g., a constructible subset is said to
Ž .be quasiaffine quasiprojective if it is a constructible subset of an affine
Ž .projective resp. variety, a constructible subset is said to be normal
Ž . Ž .smooth if it is a constructible dc-subset of a normal smooth resp.
variety, etc. Moreover, we may define normalization of any dc-subset and
Ž  .the normalization has the usual see, e.g., H, Chap. II, Exercise 3.8
universal property.
ŽIn the sequel, usually, a dc-subset will be denoted by a single calli-
.graphic letter as U, V etc.
2. STRATIFICATIONS DETERMINED BY MORPHISMS
First, we introduce some notation and terminology.
Ž .By a stratification of a dc-subset U U X we mean a finite se-
 4 Ž . Ž .quence U , . . . , U of locally closed subvarieties in X satisfying the0 r
following conditions:
1. U r U ,i0 i
2. U is open and dense in X,0
3. U is open and dense in U 	U , where the closure is taken in X.i
1 i i
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Ž .Every constructible dc-subset U U X admits a canonical stratifica-
tion into subvarieties called canonical strata of U. The stratification can be
described as follows:
As the 0th canonical stratum U , we take the maximal subset of U0
open in U X. Then we apply the same procedure to U 	U , etc., to0
Ž .obtain next canonical strata. Since dim U 	U  dim U the procedure0
gives a finite stratification of U.
 4  4We say that a stratification U is greater than a stratification U if,i i j j
for the first index l such that U U , we have that U U . The canonicall l l l
stratification is greater than any stratification of the considered dc-subset.
Let  be a surjective morphism of an irreducible variety U onto an
Ž . Ž .irreducible dc-subset V V X . Denote by d  the subset of V
composed of all points x V satisfying the following condition:
1Ž .x is normal and  x is of dimension dim U dim X.
Ž .LEMMA 2.1. d  is dense and open in X.
Proof. Let
U xU; dim f1 f x  dim U dim X .Ž .Ž . 4Ž
Ž  .Then, by a theorem of Chevalley see, e.g., EGA IV, Theorem 13.1.3 , U´ `
is open in U and, replacing U by U, we may assume that  is equidimen-
sional. Let X be the set of all normal points in X. Then X is openŽn. Žn.
1 1Ž . 1dense in X. Let U   X . Then U is an open subvariety in U.Žn.
Consider
df1 1 1   U : U  X .Žn.
Since  1 is equidimensional and X is normal, it follows from theŽn.
Ž  . 1Ž 1.criterium of Chevalley see, e.g., EGA IV, 14.4.4 and  U is open in
1Ž 1. Ž .X . But  U  d  . This ends the proof of the lemma.Žn.
Now, let us consider the general case where  is a surjective morphism
Ž .of an algebraic not necessarily irreducible variety U into a dc-subset
Ž . 1 rV V X . Let UU  U be a irredundant presentation as a
union of irreducible components ordered so that the first l components
1 l jU , . . . , U are exactly those for which  U is an irreducible componentŽ .
Ž .of X. We define d  as the subset of V composed of all points x V
which satisfy the following conditions:
1. x belongs to exactly one irreducible component of V ,
Ž j. Ž j.2. if x  U , for some j 1, . . . , l, then x d  U ,
k3. x  U , for k l
 1, . . . , r.Ž .
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It follows from the above Lemma 2.1, that
Ž . Ž .2.2 d  is a dense open subariety of V.
Let  : U V be a surjective morphism of an algebraic variety U onto
Ž .a dc-subset V VW . We would like to define, by induction on the
dimension of V , a stratification of V determined by  .
Ž .As the 0th member of the stratification we take d  . It follows from
Ž .2.2 that this is an open dense subvariety contained in V . Then we
consider a surjective morphism
  1 V 	 d  : 1 V 	 d   V 	 d  .Ž . Ž . Ž .Ž . Ž . Ž .
Ž Ž .. Ž .Since dim V 	 d  is less than dim V , we may apply an inductive
Ž . 1Žassumption to find the stratification of V 	 d  determined by    V 	
Ž .. Ž .d  . The stratification of V is then defined as d  together with all
Ž . Ž .members of this stratification of V 	 d  with indices translated by 
1 .
The stratification of V determined by  : U V induces a stratification
of U by taking inverse images under  .
3. INVERSE SYSTEMS OF CONSTRUCTIBLE SUBSETS
 4DEFINITION 3.1. Let U ;  be an inverse system in the categoryi
1 i i N
of dc-subsets; i.e.,  : U U . Then we say that the inverse system isi i
1 i
Ž .dominated rationally dominated , if there exists a variety U and surjective
Ž .morphisms rational dominant maps, resp.  : UU such that, for everyi i
iN, the triangle
commutes. If the conditions are satisfied, then we also say that U domi-
nates the system and we call morphisms  : UU dominating morphisms.i i
 4For an inverse system U ,;  and m, iN, m i, we denotei
1 i i N
composition     by  .i m
1 m m , i
Ž .By a stable rationally stable inverse system of dc-subsets we mean an
 4inverse system U ,;  such that, for big enough i, the morphisms i
1 i i N i
Ž .are isomorphisms birational maps, resp. .
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By a pseudostable inverse system of dc-subsets we mean a dominated
 4 inverse system U ,;  with fixed dominating morphisms  : Ui
1 i i N i
4U such that there exists an integer m with the following property:i
 j4 Ž .Let, for eery positie integer kN, V where j 1, . . . , r be thek k
Ž .stratification of U determined by  . Then, for im,  induces ank k i
isomorphism of eery stratum V j onto V j.i
1 i
 4Remark 3.A. Notice that, if the inverse system U ,;  is pseu-i
1 i i N
dostable then, for big enough indices i, the morphisms  are birationali
and bijective.
THEOREM O. Eery dominated inerse system of dc-subsets is pseu-
dostable. Eery dominated system of arieties is stable.
First we show
LEMMA 3.2. Eery rationally dominated inerse system of dc-subsets is
rationally stable.
 4Proof of Lemma 3.2. Let an inverse system U ,;  be domi-i
1 i i N
Ž .nated by U and rational dominant maps  : UU . Let U  U  X ,i i i i i
for iN. Since morphisms  are dominant, also morphisms  arei i
dominant. Then notice that the number of irreducible components of U isi
bounded by the number of irreducible components of U. Thus the number
of irreducible components of U stabilizes. Hence we may assume thati
every morphism  determines a one to one correspondence betweeni
irreducible components of its domain and codomain. Dominant rational
maps  allow us to identify rings of rational functions on U with subringsi i
Ž .of the ring K U of rational functions on U. In this way we obtain an
Ž . Ž .ascending sequence of extensions K U of K contained in K U . Thei
sequence stabilizes since
 Ž . Ž .Both K U and K U are direct sums of finitely many finitelyi
Žgenerated field extensions of K these are fields of rational functions on
.irreducible components of U and U, respectively .i
 Any field extension of K contained in a finitely generated field
Ž  .extension is finitely generated see, e.g., L, Proposition 6, p. 64 and
hence more generally.
 Any field extension of K contained in a direct sum of finitely many
finitely generated field extensions of K is finitely generated over K.
This ends the proof of the lemma.
Proof of Theorem O. It follows from our assumptions that the mor-
phisms  are surjective. It follows from the above lemma that we mayi
assume that the morphisms  are birational.i
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We shall still need the following notation. Let  : W T be a morphism
Ž 0. Ž 0.of a dc-subset W WW into a dc-subset T T T . Then there
exists a neighbourhood W 1 of W in W 0 and a morphism  : W 1 T 01
1Ž .which determines  . For any x T , we may take the germ of  x in1
1Ž .W but consider it only at points from  x W. The germ does not1 1
Ž 1Ž ..depend on the choice of W and will be denoted by g  x .1
Ž .Fix i and denote the subset d  by Z . Then Z U is an openi i i i
Ž .dense subvariety in X .i
Ž j. jLet x Z and let x d  U , where U is an irreducible compo-i i
1Ž . 1 Ž .nent of U. Notice that dim  x  0. Otherwise, some fibers  y , ati i
1
1Ž . jpoints y  x , intersected with U would have dimension less thani
the minimal possible dimension
dim U j dim X  dim U j dim X  1 x U jŽ .i
1 i i
of fibers of  U j. For k i, i
 1, denote the irreducible componenti
1
j j j 1 jŽ .of U equal to  U by U . Then xU and  x U .Ž .k k k i i i
1
Consider the triangle
where    U j,    U j,    U j , and its normal-i
1, j i
1 i, j i i, j i i
1
ization

jSince x is normal on U , we may consider x as a point in U . Theni i  1 1 1
Ž . Ž . Ž . x is 0-dimensional and, for every y  x ,  y isi , j i , j i
1, j
Ž j. jeither empty or of dimension equal to dim U  dim U . Take yi
1  1j˜Ž . Ž . Ž  .  U     x . Then by EGA IV, 14.4.4 y is con-i
1, j i , j i , j
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
Ž .tained in an open subvariety contained in  U . Thus the germi
1, j  1 1 1
Ž Ž .. Ž . Ž Ž ..g  x at y is represented by  x and hence dim g  xi , j i , j i , j
 0.
Ž 1Ž ..Therefore also dim g  x  0. Since  is birational and x isi i
Ž  .normal, we obtain by the Zariski main theorem see, e.g., L, p. 124 that
Ž 1Ž .. 1g  x is composed of exactly one point and that  is defined at x.i i
1Ž .Therefore the only point from  x is also normal and hence belongsi
to Z .i
1
It follows that, for k i,
def 1 1 1Z     Z  Z  ZŽ . Ž .i , k k i i i , k i k
Ž 1Ž ..and that g  x is composed of exactly one point.i, k
Since Z is open dense in U , we obtain that U 	 Z is closed of smalleri i i i
Ždimension than dim U and thus, by induction on dimensions of consid-i
.ered inverse systems , we obtain that, for big indices i, morphisms  arei
birational and bijective.
At this point notice that the following result is sufficient to end the
proof of Theorem O:
 4PROPOSITION O. Let U ;  be an inerse system of arieties andi
1 i i N
birational bijectie morphisms. Then the system is stable.
We prove first that Theorem O follows from Proposition O.
Proof of the second part of Theorem O follows immediately from the
part of the proof already presented and from Proposition O. In order to
prove the first part, assume that Proposition O is true and that Theorem O
is valid for systems of smaller dimension than dimension of the system
 4U ;  . Consider as above the open subvariety Z of U , for iN.i
1 i i N i i
Ž .1Ž . 1Ž . 1 Ž .Then  Z  Z and hence  Z   Z . Thus for i bigi
1 i i
1 i i i
1 i
1
1Ž . 1 Ž . 1Ž .enough  Z   Z and hence  Z  Z . We may assumei i i
1 i
1 i i i
1
that the last equality holds for all iN. Consider the inverse system
 4Z ;   Z . It is composed of varieties and the morphisms of thei i i
1 i N
system are birational and bijective. Hence it follows from the proposition
that the system is stable. We now consider the inverse subsystem of
 . Ž .4dc-subsets U 	 Z ,;   U 	 Z . The subsystem is dominatedi i i i
1 i
1 i N
Ž 1Ž . 1Ž .. Žby  U 	 Z with morphisms  restricted to  U 	 Z . Notice1 1 1 i 1 1 1
1Ž . .that  U 	 Z U 	 Z . Then we use the inductive assumption1, i 1 1 i
1 i
1
to conclude that this subsystem is pseudostable. Hence the system
 4U ;  is also pseudostable.i
1 i i N
Proof of Proposition O. It follows from the Zariski main theorem that
the proposition is valid if the varieties U are normal. Thus normalizationi
of the inverse system is composed of isomorphic varieties and we see that
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our system is dominated by a normal variety	common normalization of
all varieties from the system. Denote the common normalization by M. For
every iN and an irreducible subvariety VU , the local ring O ofi V , i
Žthe subvariety in U and the local rings O of inverse images of V ini V , i
k
.U under consecutive compositions of morphisms  form a directi
k i
k
system of local rings all contained in the local ring O of the inverseV , M
image of V in the normalization M. Since O is finitely generated as anV , M
O -module, the local rings O stabilize for big i. Hence, for big iNV , i V , i
and j i, the morphisms  induce isomorphisms O  O , wheneverj, i x, i y, j
Ž . y  x.j, i
Now, we need a definition and a lemma.
˜DEFINITION 3.3. Let V be a variety and let 
: V V be its normaliza-
tion. Let kN. A point x V is said to be k-normal if k is greater or
equal to the dimension of the vector space O 1 mO 1 over˜ ˜
 Ž x ., V 
 Ž x ., V
K O m, where m is the maximal ideal in O . The set of allx, V x, V
k-normal points on V is denoted by V .k
Remark 3.B. A point is 1-normal if and only if it is normal. Dimension
of O 1 mO 1 over K O m is equal to the length of the˜ ˜
 Ž x ., V 
 Ž x ., V x, V
schematic inverse image of x under 
.
A proof of the following lemma is an easy exercise from commutative
algebra.
LEMMA O. Let V be a ariety and let kN. Then V is an open densek
subset of V, V  V , and there exists lN such that V V .k k
1 l
Now, we come back to the proof of Proposition O.
1Ž . Ž .Since, for i, kN, we have that  U  U , it follows that, fori i k i
1 k
1Ž . Ž . Ž .big i and j i,  U  U . Then, for every j i and x U ,i, j i k j k j
1 k
the morphism  induces an isomorphism of the local rings O j
1 x, j
1
O . Thus, for j i,  is an isomorphism. This ends the proof of Ž x ., j jj
Proposition O.
EXAMPLE. Proposition O is not valid for inverse systems of dc-subsets,
even if we assume that the system is dominated. This is shown by the
following example.
Ž  .Let U  Spec K x , y be the affine plane, let X i
Ž  i .Spec K x, xy, . . . , xy and let  : X  X ,  : U X be in-i i
1 i i
1 i
1
 i   i
1 duced by inclusions of rings K x, xy, . . . , xy  K x, xy, . . . , xy 
df  Ž . Ž .K x, y . Let U   U  X . Then U  X is a dc-subset with twoi i i i i
canonical strata, the first open isomorphic to U with the y-axis removed
Žand the second isomorphic to a single point the image of the y-axis in U
.  4under  . The obtained inverse system U  X ;  is dominated by Ui i i i
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Ž . Ž .with  : U U  X ,  bijective on U . However, the system is noti i i i i
1
stable.
Remark 3.C. Stability of any inverse system of analytic spaces domi-
 nated by a compact analytic space has been proved in S . This result
Ž .cannot be generalized as in the case of algebraic varieties to the case of
dominated inverse systems of compact analytic spaces as the following
simple example shows:
Ž .Ž .Let U C, and let  Z Z act on C by n, m z  z
 n
mi.
For every number kN, consider   k!, the quotient map  : Ck k
C , and the canonical holomorphic map  : C  C . Thek k k
1 k
Žobtained dominated inverse system of compact analytic spaces in this case
of compact elliptic Riemann surfaces, i.e., projective smooth algebraic
.curves is not stable.
In the sequel we shall need the following result on stability of inverse
systems dominated by a dc-subset:
 4  4LEMMA 3.4. Let U ;  be an inerse system of dc-subsets U ; i
1 i i N i i
with birational bijectie morphisms and dominated by a dc-subset U with
surjectie morphisms  : UU such that, for eery iN and xU , wei i i
Ž 1Ž ..hae dim g  x  0. Then the system is stable.i
Ž .Proof. Let U  U  X . For every xU , leti i i i
h x  dim O 1 mO 1 ,Ž .  Ž x . , U  Ž x . , Ui i
where m is the maximal ideal in O . By the assumption thatx, Ui
Ž 1Ž . Ž .dim g  x  0, we have that h x  . For kN, leti
U  xU ; h x  k . 4Ž . Ž .i ik
Ž . Ž . Ž .Then compare Lemma O U is open in U and there is l i N suchi k i
Ž .that U  U . Consider a commutative trianglei i lŽ i.
1ŽŽ . . Ž .Then  U  U . Hence there exists i such that, for all kNi i k i
1 k
1ŽŽ . . Ž .and for j i, we have that  U  U . This implies that O j j k j
1 k x, Uj
Ž .O , when x  x . But then  is an isomorphism of dc-subsets.x , U j jj
1
This proves the lemma.
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4. CATEGORICAL QUOTIENTS
Let C be a subcategory of the category of dc-subsets closed under
taking constructible subsets and taking products in the following strong
sense:
Ž . Ž . Ž . Ž If V Y Ob C , then eery constructible subset of V consid-
. Ž .ered as a dc-subset in its closure in Y belongs to Ob C . Moreoer, for any
Ž .morphism  : U VMor C and dc-subsets U , V  such that U U
Ž . Ž .and  U   V  V also  U  : U  V  is in Mor C .
Ž . Ž . Ž . If V , V Ob C , then V  V Ob C and projections1 2 1 2
Ž .V  V  V , for i 1, 2, are in Mor C .1 2 i
Moreover, let U be a fixed algebraic variety and let P be a non-empty
Ž .class of morphisms U V , where VOb C . Assume that P satisfies
the following conditions:
Ž . If  : U VP, then also  considered as a morphism U
Ž . U is in P. Moreoer, composition of a morphism from P with a
morphism from C belongs to P.
Ž . If , for i 1, 2,  : U V belongs to P, then    : Ui i 1 2
V  V belongs to P.1 2
ŽRemark 4.A. Similar but simplified by the assumption that considered
.  objects are compact varieties conditions were considered in S .
EXAMPLES. In the following examples C and P satisfy conditions
Ž . Ž .   .
Ž .a As C we can take the whole category of dc-subsets. Then as P
we may take the class of all morphisms.
In the following two examples we describe two cases: in the first we put
some restrictions on P in the first and on C in the second.
Ž . Žb Let U be a variety with an equivalence relation e.g., the equiva-
lence relation may be determined by an action of an algebraic group: two
.points are equivalent if they belong to the same orbit . Then let C be the
category of all dc-subsets and let P be the class of all morphisms defined
on U which are constant on equivalence classes.
Ž .c Let U be any variety, let C be the category of all dc-subsets or
all quasi-affine or all quasiprojective dc-subsets, and let P be the class of
all morphisms of U into objects of C.
Ž . Ž .DEFINITION 4.1. Let U, C , P satisfy the above conditions    .
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 A morphism  : U V is said to be a categorical quotient of U in C
with respect to P if the following conditions are satisfied:
1.  belongs to P,
2. for every morphism  : UW from P, there exists in C a
morphism  : VW such that the diagram
commutes.
 a morphism  : U V is said to be a pseudoquotient of U in C
with respect to P if the following conditions are satisfied:
1.  belongs to P,
Ž2. for every morphism  : UW from P, there exists a set
.theoretical map  : VW such that the diagram
commutes and  restricted to every stratum of the stratification deter-
mined by  is a morphism.
 Next, we say that a pseudoquotient is a final pseudoquotient when,
moreover,
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3. for every commutative diagram
where  : UW belongs to P and  is in C ,  induces isomorphism of
every stratum of the stratification determined by  onto a stratum of the
stratification determined by  .
Remark 4.B. Since morphisms from P are assumed to be surjective,
Ž .the maps  , from the above definitions if they exist , are uniquely
determined. Moreover, notice that if in the diagram above  : UW is a
final pseudoquotient and  : U V is in P, then  also is a final
pseudoquotient. Finally, if  : UW is a final pseudoquotient and the
Ž .stratification of W determined by  has only one nonempty stratum,
then it is a categorical quotient.
Ž .EXAMPLE. Let U, C , P be as in above Example b . Then the above
Definition 4.1, part 1, is equivalent to the definition of the well known
Ž .notion of a categorical quotient by an equivalence relation group action .
Ž . Ž .THEOREM A. Let U, C , P satisfy the aboe conditions    . Then
there exists a final pseudoquotient of U in C , with respect to P.
Ž . Ž .Proof. Let us fix U, C , P so that the assumptions    are
satisfied. We are going to construct inductively a finite inverse system of
 4dc-subsets U ;  with morphisms  from C dominated by U withi i i N i
morphisms  from P.i
ŽSince the family P is nonempty and P is closed under taking con-
.structible subsets we may choose a surjective morphism  : U V from
P and then we take U  V and    . Assume that, for some integer1 1
 4m 1, we have already defined the inverse system U ;  dominatedi i im
by U with surjective morphisms  : UU from P and with  from C.i i i
Let us assume that there exists  : U V from P and : VU m1
from C , such that   andm1
Ž . 1Ž . 1 Ž Ž ..
 for some x V,  x    x .m1
Then as U we take V , as  we take  , and as  we take . Thenm m m
 is not bijective and it follows from Theorem O that after a finitem1
Ž .number of steps the case 
 does not occur.
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Then let us assume that:
Ž .

  is not birational. Then again as U we take V , as m m
we take  , and as  we take . Hence, it follows from Theorem O thatm
Ž .after a finite number of steps, the case 

 does not occur.
Then let us assume that:
Ž .


  restricted to a member of the stratification determined
by  is not an isomorphism onto a stratum of the stratification determined
by  .m
Ž .Then we proceed as in the above case 

 . Again, it follows from
Ž .Theorem O that after a finite number of steps the case 


 does not
occur. Then we stop our construction.
Let n be the last index. We shall prove that  : UU is a finaln n
pseudoquotient of U by P in C.
Let : UW be a morphism from P. Then let
df df
    : U V   U WUŽ . Ž .n n
and let  be the morphism VU induced by projection of WU onton n
Ž . Ž .the second factor. It follows from conditions    that  and  belong
to C , P, respectively. Moreover, we have a commutative triangle
Then it follows from our assumptions that  is birational and bijective
and induces isomorphisms between members of the stratification defined
by  and by  . Then consider the morphism  : VW induced by then
projection WU onto the first factor. Restrictions of the morphism  ton
members of the stratification determined by  induce morphisms of the
isomorphic members of the stratification of U determined by  . Hencen n
 : UU is a pseudoquotient.n n
We shall show that it is a final pseudoquotient. If, in the above triangle,
we assume that  : U V is from P, then it follows from assumptions
concerning n that  : VU is birational bijective and induces isomor-n
phisms of every stratum of the stratification determined by  onto a
stratum of the stratification determined by  . This ends the proof.n
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ŽThe following corollary follows immediately from Theorem O second
.part and Theorem A.
Ž  .COROLLARY 4.2 compare S . Let U be complete and let C , P satisfy
Ž . Ž .the aboe conditions    . Then there exists a categorical quotient U V
in C , with respect to P, where V is a ariety.
Remark 4.C. It follows from the corollary that there always exists a
projective reduction of a complete algebraic variety.
DEFINITION 4.3. Let R be an equivalence relation on an algebraic
variety U. We say that a morphism  defined on U realizes R if
R
x  y if and only if  x   y .Ž . Ž .
An equivalence relation R is said to be the categorical P-closure of R
if, for x, yU,
R
x  y if and only if  x   y ,Ž . Ž .
for every P which is constant on equivalence classes of R.
An equivalence relation is said to be categorically P-closed if it coincides
with its categorical P-closure. An equivalence relation is said to be
categorically closed if it coincides with its categorical P-closure, where P
is the class of all morphisms into algebraic varieties.
COROLLARY 4.4. An equialence relation is categorically P-closed if and
only if it is realized by a morphism from P
We say that there exists a categorical quotient of an algebraic variety by
an equivalence relation if there exists a quotient of the variety by the
relation in the family of all morphisms into dc-subsets. We say that a
Ž  .morphism  : U V is a quotient morphism see B, Chap. 6 if it is a
Žcategorical quotient of its domain U by R recall that xR y if and only if 
Ž . Ž .. x   y .
 COROLLARY 4.5 B, 6.2 . Let  : U V be an equidimensional mor-
phism of an irreducible algebraic ariety U onto a normal ariety V. Then it is
a quotient morphism.
Ž .For proof notice that in this case d   V and use Theorem A
Ž .compare the last sentence of Remark 4.B .
THEOREM B. Let U be a normal irreducible algebraic ariety and let R be
a categorically closed equialence relation defined on U. If equialence classes
of R are connected and all of the same dimension, then there exists a
categorical quotient of U by R and the quotient ariety is also normal.
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Proof. Let  : U V be a final pseudoquotient of U by R. Taking
normalization we obtain the following commutative triangle:
˜ ˜ ˜Ž .Since V is normal and  is equidimensional, the image  U is an
˜ ˜ ˜Ž  . Ž . Ž .open subvariety in V see, e.g., EGA IV, 14.4.4 . Moreover, d    U .
1Ž .Since fibers of  are connected, for every y V, 
 y contains exactly
˜ ˜ ˜Ž . Ž Ž .one point from  U . Hence 
   U is bijective and  is also a final
Ž .pseudoquotient of U by R see Remark 4.B .
˜ ˜Ž .By Corollary 4.5.,  : U  U is a categorical quotient. This proves
the theorem.
EXAMPLE. The following example shows that in the above Theorem B
the condition of equidimensionality cannot be omitted.
Let U  P 2 be a projective plane. Blow up a point p U to obtain0 0 0
 : U  P 2 with exceptional line l U . Then choose a point p  l1 1 1 1 1 1
and blow it to obtain  : U U with exceptional line l U . Now let2 2 1 2 2
df   Ž .U  U 	 l , where l is the proper transform of l under  . Then2 1 1 1 2
Ž . ŽŽ .  4 . U: UU and   U: U U 	 l  p U have the2 1 1 2 1 1 2 1
same fibers; i.e., they realize the same equivalence relation and in fact are
final pseudoquotients by this relation. The image of U under  is a2
Ž . Ž . Ž .  4smooth constructible subset but not a subvariety U 	 l  p . The1 1 1
2 Ž . 2image of U under   is equal to P , but   U: U P is not1 2 1 2
a categorical quotient.
THEOREM C. Let U be an irreducible algebraic ariety and let R be a
categorically closed equialence relation defined on U. If equialence classes
of R are equidimensional, then there exists a categorical quotient of U by R in
the category of dc-subsets.
First we prove the following special case of the theorem.
LEMMA 4.6. Let U be an irreducible algebraic ariety and let R be a
categorically closed equialence relation defined on U. If equialence classes
of R are 0-dimensional, then there exists a categorical quotient of U by R in
the category of dc-subsets.
 4Proof of Lemma 4.6. We shall construct a finite inverse system U ; i i
of dc-subsets dominated by U. Take first any final pseudoquotient of U by
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R,  : U V . Then define U  V and as dominating morphism  take1 1
 . Suppose that we have already defined an inverse system of final
 4pseudoquotients U ;  dominated by the quotient morphisms  .i i i k i
Then consider a commutative triangle
where  : U V is a final pseudoquotient. If  is not an isomorphism,
then we take   ,    . It follows from Lemma 3.4 that after ak k
finite number of steps the construction must stop. We take the last
pseudoquotient  : UU . We shall show that this is a categoricalk k
quotient of U by R.
Let  : UW be a morphism constant on equivalence classes of R and
consider   as a morphism U V , where V  is the image of U ink
ŽWU under   . Then   is a final pseudoquotient and   k k k 2
.    , where  is the projection on the second factor. It followsk k 2
from the construction that  is an isomorphism. Hence, we obtain a2
commutative triangle
with  1. This proves the theorem.2
Ž .Proof of Theorem C. Let  : U V V X be a final pseudoquo-
˜ ˜ ˜tient by R. Consider normalization  : U V of  and the square
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where 
 , 
 are normalization morphisms. It follows from Corollary 4.5U V
˜ ˜ ˜ ˜Ž .that  : U  U is a categorical quotient. It follows from Lemma 4.6
˜ ˜Ž .that there exists a categorical quotient  :  U W by the equivalence
˜ ˜Ž Ž . Ž ..relation R determined by 
 i.e., xRy if and only if 
 x  
 yV V V
˜ ˜ ˜Ž .restricted to  U . Notice that the equivalence relation R does not
Ž .depend on the choice of the final pseudoquotient  : U V V X .
Hence there exists a morphism  : W V such that the triangle
commutes.
Thus we see that every inverse system of final pseudoquotients of U by
R is dominated by W with morphisms  defined as above. Since
1 1dim g  x  dim g 
 x  0Ž . Ž . Ž .Ž .V
Ž 1Ž .. Ž .for x V, also dim g  x  0, for x V. Hence by Lemma 3.4 any
such inverse system is stable. Thus, by a standard argument used several
Ž .times in the paper e.g., in the proof of Lemma 4.6. , there exists a
categorical quotient of U by R. This ends the proof.
Ž .Remark 4.D. The proof of Theorem C and of Lemma 4.6 is not
constructive; however, it can help sometimes in proving that a given
pseudoquotient
 : U V V XŽ .
is, in fact, a categorical quotient in the category of dc-subsets. To explain
such an application, let us introduce the following notation: let V be the0
Ž .maximal open subvariety of V, let as in Section 3 , for x V,
h x  dim O 1 mO 1 ,Ž .  Ž x . , U  Ž x . , Ui i
where m is the maximal ideal in O , and let V be the subset composedx, V k
Ž .of all points x with h x  k. Then, from the proof of Theorem C we
deduce that any pseudoquotient with the properties
 fibers of  are 0-dimensional,
 V  V  V ,k k 0
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is a categorical quotient in the category of all dc-subsets. It follows, in
particular, that the following pseudoquotient is categorical:
Consider C 2 with
R  x , y , x , y ; y  y and x , x  0 or 1  C 2 C 2 . 4Ž . Ž .Ž .1 1 2 2 1 2 1 2
Let
U C 2 	 x , y ; x
 y 0 4Ž .
Ž .with R  R UU . Let 
: C C be a normalization of a rationalU o
Ž . Ž .affine curve C with a double point 
 0  
 1 . Then R is categoricallyo
Ž . 2closed and there exists a categorical quotient  
, id : C  V C o
Ž .C. It follows from the above criterium that  U: U  U is a categori-
cal quotient, but
 U  C  C 	 c, y ; there exists x , c 
 x and x
 y 0 4Ž . Ž . Ž .o
 
 0 , 1 , 
 1 , 0 4Ž . Ž .Ž . Ž .
is a constructible subset but not an algebraic variety.
Analogous examples where R is defined by action of a torus are not
known. However, Neuen-A’Campo and Hausen found in that case the
following examples:
2 Ž .2 Ž .2 2 Ž 1 . 4Let X C  C*  C*  C and H t, t, 1, t ; t C* 
Ž .4C* . Then the toric quotient of X by H is given by the toric morphism
Ž . Ž .p: x , x , x , x  x x , x x , x , and the image of p is the dc-subset1 2 3 4 1 4 2 4 3
3 Ž Ž .. 3C 	 0 C* 0 C* 0, 0 in C .
  Ž .It follows from A’C-N,H 2 that the morphism p: X p X of dc-sub-
sets is a categorical quotient for X in the category C of all quasiprojective
dc-subsets with respect to the class P of morphisms from X to objects in
C that are constant on H-orbits.
To see this claim it suffices to use the decomposition result, saying that
for any H-invariant morphism f : X Z to a quasiprojective variety there
is a toric morphism g : X Y and a rational map h: Y Z such that
Ž .g X is contained in the domain of definition of h and that f h g.
ŽSince by definition g factors through p, we obtain that f factors as a
. Ž .morphism of dc-subsets through p: X p X . The question whether the
Ž .map p: X p X is a categorical quotient for X in the category of all
dc-subsets with respect to the analogous P is open.
We shall say that a subset A of X with an equivalence relation R is
R-closed if xRy and x A implies that also y A.
As an application of the above results we may also prove the following:
Ž  .THEOREM X cf. D,R . Let X be a normal algebraic ariety with an
equialence relation R. Assume that equialence classes of R are equidimen-
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sional and irreducible. Moreoer, assume that for eery x X, there exists a
rational map  such that:x
1. the subset U of X where  is defined is R-closed and contains thex x
 equialence class x of x,
2.  is constant on equialence classes of R,x
  Ž . Ž .3. if yU 	 x , then  x   y .x x x
Then there exists a categorical quotient  : X V by R, in the category of
arieties, where V is normal, the generic fibers of  coincide with equialence
classes of R, and any fiber is a finite union of equialence classes. Moreoer,
there exists a categorical quotient  : XW in the category of prearieties,
where W is normal and the fibers of  coincide with equialence classes of R.
Proof. We may assume that the fibers of  are of dimension equal tox
  Ž .dim x . Then take normalization of  U in the algebraic closure ofx x
Ž Ž .. Ž .k  U in k X and the morphism of X into the normalization inducedx x
by  . Such a morphism exists because X is normal. Since the equivalencex
classes are irreducible, the morphism is still constant on equivalence
classes of R. Taking the morphism as  we may assume that  isx x
Ž .equidimensional with generically irreducible fibers,  U is a normalx x
Ž Ž .. Ž .variety, and k  U is algebraically closed in k X .x x
Then, for any x X, the generic fibers of  are irreducible and hencex
Ž Ž .. Ž Ž ..they coincide with equivalence classes of R. Thus k  U  k  U ,x x y y
for x, y X. Then we have uniquely determined birational maps
Ž . Ž . Ž Ž . . Ž :  U pi169  U , and since  U are normal we may glue for allx, y x x y x x
. Ž . Ž . Ž .x, y, z X z  U with  z , whenever  z is defined, tox x x, y x, y
obtain an algebraic variety V and a morphism  : X V with  U   ,x x
for all x X. Then  is a categorical quotient of X by R. It follows from
the construction that the generic fiber of  coincides with an equivalence
class of R and every fiber of  is a union of finitely many equivalence
classes.
Ž . Ž . Ž .If, in the above, we glue point z  U with  z whenever  zx x x, y x, y
1Ž . 1Ž Ž ..is defined and  z    z , then we obtain an algebraic preva-x y x, y
riety W and a morphism  . Now,  is a categorical quotient of X by R in
the category of prevarieties and it follows from the construction that the
fibers of  coincide with equivalence class of R.
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